Abstract. In this paper, we study the resolving of SGP(−) and SGF (−), the classes of all strongly Gorenstein projective and flat modules respectively, over a polynomial ring and a direct product of commutative rings.
Introduction
Throughout this paper, all rings are commutative with identity element, and all modules are unital.
Setup and Notation : Let R be a ring, and let M be an R-module. We use pd R (M ), id R (M ) and f d R (M ) to denote, respectively, the classical projective, injective and flat dimensions of M . By gldim(R) and wdim(R) we denote, respectively, the classical global and weak dimensions of R.
Recently in [3] , the authors started the study of global Gorenstein dimensions of rings, which are called, for a commutative ring R, projective, injective, and weak dimensions of R; denoted by GP D(R), GID(R), and G − wdim(R), respectively; and, respectively, defined as follows:
They proved that, for any ring R, G − wdim(R) ≤ GID(R) = GP D(R) ([3, Theorems 2.1 and 2.11]). So, according to the terminology of the classical theory of homological dimensions of rings, the common value of GP D(R) and GID(R) is called Gorenstein global dimension of R, and denoted by G − gldim(R). They also proved that the Gorenstein global and weak dimensions are refinement of the classical global and weak dimensions of rings. That is : G−gldim(R) ≤ gldim(R) and G − wdim(R) ≤ wdim(R) with equality if wdim(R) is finite ([3, Proposition 2.12]).
Notation. By P(R), I(R) and F(R) we denote the classes of all projective, injective and fat R-modules respectively; and by GP(R), GI(R) and GF (R), we denote the classes of all strongly Gorenstein projective, injective and fat R-modules respectively. Furthermore, we let SGP(R) and SGF(R) denote the classes of all Gorenstein projective and flat R-modules, respectively.
In [13] , Holm introduced the notion of resolving classes as follows:
Definition 1.1 ([13, Definition 1.1]) For any class X of R-modules.
a/ We call X projectively resolving if P(R) ⊆ X , and for every short exact sequence 0 −→ X ′ −→ X −→ X" −→ 0 with X" ∈ X the conditions X ′ ∈ X and X ∈ X are equivalent.
b/ We call X injectively resolving if I(R) ⊆ X , and for every short exact sequence 0 −→ X ′ −→ X −→ X" −→ 0 with X ′ ∈ X the conditions X" ∈ X and X ∈ X are equivalent.
In [13] again, Holm prove that the class GP(R) is projectively resolving and closed under arbitrary direct sums and under direct summands ([13, Theorem 2.5]); and dually, the class GI(R) is injectively resolving and closed under arbitrary direct products and under direct summands ([13, Theorem 2.6]). He also prove that, if R is coherent, then the class GF(R) is projectively resolving and closed under direct summands ( [13, Theorem 3.7] ).
In section 2, we are mainly interested to study the resolving of the class SGP(−) over a polynomial ring and over a direct product of rings.
Similarly, in section 3, we study the resolving of the class SGP(−) over a polynomial ring and over a direct product of rings. We find after, some connections between the projectively resolving of the classes SGP(−) and SGF (−) under some conditions. Through this paper, R[X] denotes the polynomial ring in one indeterminate over a commutative ring R. We use M [X], where M is an R-module, to denote the
2 The resolving of the class SGP(−) over a polynomial ring and direct product of rings
The aim of this section is to study the connection between the projectively resolving of the class SGP(−) over a commutative ring (resp. family of rings) and the polynomial ring associated (resp. direct product of this family).
The first main result in this section is: To prove this theorem, we need some results.
First, we need the notion of strongly Gorenstein projective module, which is introduced in [2] , in order to characterize Gorenstein projective modules. 
where P is a projective R-module and f is an endomorphism of P , such that M ∼ = Im(f ) and such that Hom(−, Q) leaves the sequence P exact whenever Q is a projective module.
These strongly Gorenstein projective modules have a simple characterization, and they are used to characterize Gorenstein projective modules. We have: 
where P is projective and Ext(M, Q) = 0 for any projective module Q. , every G-projective R-module is direct summand of an SG-projective R-module. Consequently, every G-projective R-module is SG-projective. Conversely, assume that every G-projective R-module is SG-projective. Then we have GP(R) ⊆ SGP(R) ⊆ GP(R). So, GP(R) = SGP(R). Consequently, from [13, Theorem 2.5], the class SGP(R) is projectively resolving. Lemma 2.6 Let R be a ring and let x ∈ R be a nonunit and nonzero divisor in R, let M be a G-projective R-module. Then, x is a nonzero divisor on M .
Proof. By definition of a G-projective R-module, there exists a short exact sequence of R-modules 0
We tensor the exact sequence of R-modules
with − ⊗ R M , we obtain then, by [14, Theorem 8.13] , the exact sequence of R-
Hence, x is nonzero divisor on M , as desired.
Proof of Theorem 2.1. By induction on n, we may assume n = 1 and we write
Suppose that SGP(R) is resolving. From Lemma 2.5, to prove that SGP(R[X]) is projectively resolving, we should prove that every 
We tensor ( * ) with − ⊗ R[X] R and we obtain the short exact sequence of R-module 
By hypothesis, SGP(R) is projectively resolving. Then, by Lemma 2.5, M ⊗ R[X] R becomes an SG-projective R-module. Then, there is a short exact sequence:
where F is a projective R-module. Now, if we tensor ( * * ) with − ⊗ R R[X] we obtain the exact sequence of R[X]-modules
Therefore, there exists an exact sequence of R[X]-modules of the form
Conversely, assume that SGP(R[X]) is resolving. To prove that SGP(R) is projectively resolving we have to prove, by Lemma 2.5, that every G-projective R-module is an SG-projective R-module. So, let M be a G-projective R-module.
is resolving and by Lemma 2.5. Therefore, there exists a short exact sequence of R[X]-modules:
where P is an R[X]-module projective. From the short exact sequence above we have
Then, we obtain an exact sequence of R-modules of the form:
From [13, Proposition 2.27] and [3, Proposition 2.12], if G − wdim(R)
is finite then GP(R) = SGP(R) = P(R), and the class SGP(R) is, in this case, always projectively resolving. For that it is naturel, in the study of the resolving of the class SGP(R), to consider G − wdim(R) = ∞. Theorem 2.1 allows us to give a family {R i } i∈N of commutative rings, such that G − gldim(R i ) = i and wdim(R i ) = ∞ for all i ∈ N, as shown by the following example: Proof. By induction on m, we may assume m = 2. Assume that SGP(R 1 × R 2 ) is projectively resolving. By Lemma 2.5, to prove that SGP(R 1 ) is projectively resolving, it remains to prove that every G-projective R 1 -module is an SG-projective R 1 -module. So, let M be a G-projective R 1 -module.
Example 2.7 Consider the non-semisimple quasi-Frobenius rings
). For such module, there is a short exact sequence of R 1 -modules:
where P is a projective R 1 -module. Hence, we have a short sequence of R 1 × R 2 -modules:
(since it is a direct summand of N × 0 as R 1 × R 2 -modules and by [13, Theorem 2.5]). Now, we claim that M is an SG-projective R 1 -module. From Lemma 2.5, the R 1 × R 2 -module M × 0 is SG-projective (since SGP(R 1 × R 2 ) is resolving and M × 0 is a G-projective R 1 × R 2 -module). Thus, there exists a short exact sequence of R 1 × R 2 -modules:
where P is a projective R 1 ×R 2 -module. Now, we tensor (⋆) by −⊗R 1 and we obtain the short exact sequence of R 1 -modules (see that R 1 is a projective R 1 ×R 2 -module): R-modules) . Then, we can write (⋆⋆) as :
It is clear that P ⊗ R 1 ×R 2 R 1 is a projective R 1 -module. Furthermore, by [13, Theorem 2.20], Ext R 1 (M, F ) = 0 for every R 1 -module projective F since M is a G-projective R 1 -module. So, by [2, Proposition 2.9], M is an SG-projective R 1 -module, as desired. Similarly, we can prove that SGP(R 2 ) is projectively resolving.
Conversely, assume that SGP(R i ) for i = 1, 2 are projectively resolving and let M be a G-projective R 1 × R 2 -module. We claim that M is an SG-projective R 1 × R 2 -module. We have the isomorphism of R 1 × R 2 -modules: Proof. Let R be a ring which satisfies the conditions above and let I be a finitely generated ideal of R. From the short exact sequence 0 −→ I −→ R −→ R/I −→ 0 we see that I is G-projective since G − gldim(R) ≤ 1. Then, by Lemma 2.5, I is SG-projective since SGP(R) is projectively resolving. Hence, from [2, Proposition 3.9], I is finitely presented and so R is coherent. 3 The resolving of the class SGF(−) over a polynomial ring and direct product of rings
The aim of this section is to study the connection between the projectively resolving of the class SGF (−) over a commutative ring (resp. family of rings) and over the polynomial ring associated (resp. direct product of this family).
Recall that a ring R is called stably coherent if, for every positive integer n, the polynomial ring in n indeterminates over R is a coherent ring (for more details see [12] ). The first main result in this section is: Theorem 3.1 Let R be a ring with finite Gorenstein weak dimension such that the polynomial ring R[X 1 , .., X n ] in n indeterminates over R is coherent (in particular if R is stably coherent) and the class SGF (R) is projectively resolving. Then, the class SGF (R[X 1 , X 2 , ..., X n ]) is projectively resolving.
To prove this theorem, we need some results. First, we need the notion of strongly Gorenstein flat modules, which is introduced in [2] to characterize the Gorenstein projective modules.
Definition 3.2 A module M is said to be strongly Gorenstein flat (SG-flat for short), if there exists an exact sequence of the form:
where F is flat and f is an endomorphism of F such that M ∼ = Im(f ) and such that − I leaves the sequence F exact whenever I is an injective module.
These strongly Gorenstein flat modules have a simple characterization, and they are used to characterize the Gorenstein projective modules. We have: 
where F is a flat R[X]-module. We tensor ( * ) with − ⊗ R and we obtain the long exact sequence
Consequently, the short sequence of R-modules: 3.4) . This implies the existence of an exact short sequence :
where P is a flat R-module. Now, we tensor ( * * ) with − ⊗ R[X] and we obtain the short exact sequence of R[X]-modules (see that R[X] is a free R-module):
So, we have a short exact sequence of R-modules of the form: Proof. By induction on m, we may assume m = 2. First note that R 1 × R 2 since R 1 and R 2 are coherents.
Assume that SGF(R 1 ×R 2 ) is projectively resolving. By Lemma 3.4, to prove that SGP(R 1 ) is projectively resolving remains to prove that every G-flat R 1 -module is an SG-flat R 1 -module (since R 1 is coherent). So, let M be a G-flat R 1 -module. We claim that M is an SG-flat R 1 -module. M × 0 is an R 1 × R 2 -module (see [5, Page 101] ). First, we claim that M × 0 is a G-flat R 1 × R 2 -module. The R 1 -module M is a direct summand of an SG-flat R 1 -module N ([3, Theorem 3.5.]). For such module, there is a short exact sequence of R 1 -modules:
where F is a flat R 1 -module. Hence, we have a short sequence of [2, Proposition 3.6] , N × 0 is an SG-flat R 1 × R 2 -module. So, from [13, Theorem 3.7] , M × 0 is a G-flat R 1 × R 2 -module (since it is a direct summand of N × 0 as R 1 × R 2 -modules and since R 1 × R 2 is coherent). Now, we claim that M is an SG-flat R 1 -module. The R 1 × R 2 -module M × 0 is SG-flat (since SGF (R 1 × R 2 ) is resolving and by Lemma 3.4). Then, there exists a short exact sequence of R 1 × R 2 -modules:
where F is a flat R 1 × R 2 -module. Now, we tensor (⋆) by − ⊗ R 1 ×R 2 R 1 (see that R 1 is a projective R 1 × R 2 -module), we obtain the short exact sequence of R 1 -modules:
(isomorphism of R-modules). Then, we can write ( * * ) as :
It is clear that F ⊗ R 1 ×R 2 R 1 is a flat R 1 -module. So, M is an SG-flat R 1 -module (since G − wdim(R 1 ) is finite and by the same argument as above), as desired. Similarly, we can prove the projectively resolving of the class SGP(R 2 ).
Conversely, assume that SGP(R i ) for, i = 1, 2, are projectively resolving and let M be a G-flat R 1 × R 2 -module. We have the isomorphism of R 1 × R 2 -modules:
where M i = M ⊗ R 1 ×R 2 R i for i = 1, 2 (see [5, Page 102] ). By [13, Proposition 3.10] , for each i = 1, 2, M i is a G-flat R i -module. Then, M i is an SG-flat R i -module (since SGF(R i ) is projectively resolving for i = 1, 2). Now, let I be an injective R 1 -module and put n = G − wdim(R 1 ). Then, for every R 1 -module K we have Gf d R (K) ≤ n. Therefore, T or n+1 R 1 (K, I) = 0. Thus, f d R 1 (I) ≤ n. Similarly, we can prove that every injective R 2 -module has a finite flat dimension. Thus, the family {R i } i=1,2 of rings satisfies the conditions of [4, Lemma 3.6] . Hence, M = M 1 × M 2 is an SG-flat R 1 × R 2 -module and the desired result
